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A second order relativistic hydrodynamic theory has been derived using momentum dependent
relaxation time in the relativistic transport equation. In order to do that, an iterative technique of
gradient expansion approach, namely Chapman-Enskog (CE) expansion of the particle distribution
function has been employed. The key findings of this work are, (i) momentum dependent relaxation
time in collision term results in an extended Landau matching condition for the thermodynamic
variables, (ii) the result from numerical solution of Boltzmann equation lies somewhere in between
the two popular extreme limits : linear and quadratic ansatz, indicating a fractional power of
momentum dependence in relaxation time to be appropriate, (ii) an equivalence has been established
between the iterative gradient expansion method like CE and the well known moment approach like
Grad’s 14-moment method.
In last few decades of exploring the deconfined quark-
gluon plasma (QGP) at heavy-ion experimental facilities
like RHIC and LHC, relativistic dissipative hydrodynam-
ics has offered itself to be a trusted theory that consider-
ably explains the experimental observables [1–6]. It can
be best outlined as an effective long-wavelength theory
which describes the dynamics of conserved, macroscopic
quantities. However, in order to derive a formalism of
this macroscopic theory, a microscopic theory is essential
to begin with that captures the dynamical interaction
of the system. Boltzmann transport equation is serv-
ing the purpose for quite some time which describes the
evolution of the single particle distribution function by
a collision term that essentially includes the microscopic
interactions of the system. The hydrodynamic equations
so obtained provides the space-time evolution of thermo-
dynamic and dissipative quantities, in which the micro-
scopic interactions enter through transport coefficients.
However, there are several existing methods of extract-
ing hydrodynamic equations from transport theory. The
two popularly used competing methods are, (i) an itera-
tive technique of successive gradient expansion (order by
order) of the out of equilibrium distribution function -
Chapman-Enskog (CE) method and (ii) taking moment
integral directly from the transport equation - Grad’s 14-
moment method. Analysis from both the methods along
with entropy maximization technique present a vast deal
of work in the existing literature [7–10]. Clearly, a corre-
spondence between these different approaches is certainly
desirable in order to have a unique theory.
The difficulty in solving the transport equation comes
from the non-linearity of the collision term (it includes
product of the distribution functions). Different approx-
imations are made to linearize the theory among which
relaxation time approximation of the particle distribution
function proposed in [11], is one of the simple yet efficient
methods in near equilibrium situations. However, [11] as
well as most of the works concerning relaxation time ap-
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proach consider it to be independent of particle momenta.
This assumption has two serious drawbacks. First it does
not consider the microscopic momentum anisotropies (i.e,
assumes that equilibrium restoration times of phase space
distribution functions belonging to all particle momenta
are same), and secondly, it results in same relaxation
time for microscopic particle distributions and macro-
scopic fields like viscous flow, while the later is expected
to have a slower relaxation rate with respect to the former
depending on the length and time scales of the concerning
system.
In this present work a second order relativistic hydro-
dynamic theory has been developed including momen-
tum dependent relaxation time (τR) of particle distribu-
tion function for the first time, using CE method for a
conformal system with no conserved charges. The out
of equilibrium distribution function derived in this man-
ner shows serious consequences on the Landau matching
condition of macroscopic variables. An interesting find-
ing of this work turns out to be the possibility of frac-
tional power of momentum dependence of τR between two
accepted extreme limits - linear and quadratic ansatz,
as predicted by [12]. Finally, the derived hydrodynamic
equation has been compared with the same obtained from
moment method and an equivalence between the two ap-
proaches has been attempted thereafter.
To construct the necessary formalism, we begin with
the relativistic transport equation in the following form,
pµ∂µf(x, p) = C[f ] = −p
µuµ
τR
δf . (1)
Here f is the single particle momentum distribution
which is function of particle 4-momenta pµ and space-
time variable x. C[f ] is the collision term expressed in
terms of relaxation time τR and the out of equilibrium
part of the distribution function δf = f (0)φ, with f (0)
being the equilibrium distribution function and φ being
the deviation from it.
The momentum dependence of τR is expressed as a
power law of the scaled particle energy τp =
pµuµ
T
much
in the same line as indicated in [13, 14],
2τR(x, p) = τ
0
R(x)τ
n
p , (2)
where τ0R is the momentum independent part of re-
laxation time and n is a parameter specifying the power
of scaled energy. In [13] τ0R is identified as a time scale
proportional to the mean-free path of the system which
is typically the microscopic time scale. uµ and T are
respectively the hydrodynamic four velocity and temper-
ature of the system. n = 0 and n = 1 cases are termed
as linear and quadratic ansatz with further explanations
to follow.
Next, we proceed with the well known CE method of
obtaining the unknown particle distribution function of
rth order using its known (r − 1)th order values in an
iterative method [15]. Expanding the distribution func-
tion with the help of a parameter (typically, the Knudsen
number which is a ratio between mean free path and the
macroscopic length scale of the system) and comparing
equal powers of this parameter from Eq.(1) we have,
τp(Df)
(r) +Πµ∇µf (r−1) = − τp
τR
f (0)φ(r) , r ≥ 1 (3)
where,
(Df)(r) =
r∑
s=1
[
∂f (r−s)
∂T
(DT )(s) +
∂f (r−s)
∂uµ
(Duµ)(s)
]
+
r∑
s=2
[
∂f (r−s)
∂(∇µT )
{
D(∇µT )}(s) + · · ·
]
+ · · · . (4)
Here f (r) = f (0)φ(r) is the rth order gradient correction
to f . Πµ = p
µ
T
is the scaled particle four-momenta. D =
uµ∂µ and ∇µ = ∆µν∂ν are temporal and spatial counter-
parts of the total space-time derivative ∂µ = uµD +∇µ,
defined with the projection operator ∆µν = gµν − uµuν .
Throughout the analysis the metric of the system has
taken to be gµν = (1,−1,−1,−1).
In order to solve Eq.(3), we need to define the thermo-
dynamic identities of the system that follow from conser-
vation of energy momentum tensor T µν . With vanishing
bulk viscosity and conserved currents it is expressed as,
T µν(x) = g
∫
dΓpp
µpνf =
{
ǫuµuν−P∆µν}+πµν , (5)
with dΓp =
d3p
(2π)3p0 and g respectively as the phase space
factor and degeneracy of the system. ǫ = uµuνT
µν,
P = − 13∆µνT µν and πµν = ∆µναβTαβ are the energy den-
sity, pressure and shear stress tensor respectively with the
traceless projection operator ∆µναβ =
1
2{∆µα∆νβ +∆να∆µβ −
2
3∆
µν∆αβ}. The first two terms in the last expression
of (5) constitute the equilibrium part T µν0 and the re-
maining last term denotes dissipative part ∆T µν . The
conservation equation ∂νTµν = 0 contracted with u
µ and
∆αµ respectively, gives the equation of energy density
and velocity of the system as follows,
Dǫ = −(ǫ+ P )∂µuµ + πµνσµν , (6)
Duµ =
1
(ǫ + P )
{∇µP −∆µν∇ρπνρ + πµνDuν} ,(7)
with σµν = ∇〈µuν〉. The notation 〈〉 denotes the traceless
irreducible tensors of rank-1 and 2 defined as A〈µ〉 =
∆µνA
ν and A〈µBν〉 = ∆µναβA
αBβ respectively.
Putting r = 1 in Eq.(3), employing Eq.(2) and using
identities (6) and (7), we obtain the first order correction
to the particle distribution function in terms of velocity
gradient,
φ(1) = τ0Rτ
n−1
p Π
〈µΠν〉σµν . (8)
Clearly one can see, this first order correction is a lin-
ear and a quadratic function of particle momenta for
n = 0 and n = 1 respectively and hence bears the name.
Putting Eq.(8) in the well known first order correction of
shear viscous stress tensor,
π(1)µν = g
∫
dΓpp
〈µpν〉f (0)φ(1) = 2ησµν , (9)
provides the following relation that constrains the mo-
mentum independent part τ0R by the shear viscosity η
scaled over entropy density s = (ǫ+P )
T
of the system,
τ0R =
η/s
T
5!
(n+ 4)!
. (10)
With r = 2 in Eq.(3) and doing a bit of algebra, the sec-
ond order correction to the particle distribution function
is obtained as the following,
φ(2) = τ0R
[
− τ
n+1
p
12P
π(1)µνσµν −
τnp
4P
Π〈ν〉∇µπ(1)µν
+
5!
(n+ 4)!
1
8P
{
− τ2n−1p ΠµΠνDπ(1)µν
−2τ2n−1p ΠµΠνπ(1)µν (∂ · u)− τ2n−2p ΠαΠβΠµ∇µπ(1)αβ
−((n− 1)τ2n−3p − τ2n−2p )ΠµΠνΠαΠβπ(1)µν σαβ
}]
.(11)
Putting (11) into second order correction of shear viscous
stress tensor ,
π(2)µν = g
∫
dΓpp
〈µpν〉f (0)φ(2) , (12)
and combining with Eq.(9) we have the evolution equa-
tion of shear stress tensor (πµν = π(1)µν + π(2)µν) upto
second order in velocity gradient,
πµν
τπ
= 2βπσ
µν −
[
Dπµν − 2π〈µρ ων〉ρ
+λπ
〈µ
ρ σν〉ρ +
4
3π
µν(∂ · u)
]
, (13)
3with βπ =
η
τpi
. The second order transport coefficients
with nth power of momentum dependence in τR is given
by,
τπ = τ
0
R
(2n+ 4)!
(n+ 4)!
=
η/s
T
5!(2n+ 4)!
((n+ 4)!)2
, λ =
2
7
(2n+ 5) .
(14)
Eq.(11) and (13) along with Eq.(14) are the main results
of the current work. It can be observed from Eq.(14) that
τπ which is defined as the relaxation time of shear vis-
cous field and the microscopic relaxation time of particle
distribution can only be identical for momentum inde-
pendent situation, i.e, with n = 0. With increasing value
of n, τπ is becoming larger at a factorial rate making the
viscous field to decay at a slower rate with respect to the
microscopic scale as expected. Where for linear ansatz
(n = 0) we have τπ = τ
0
R, for quadratic ansatz (n = 1) we
have τπ = 6τ
0
R. The transport coefficients are, for linear
ansatz τπ =
5η
4P and λ = 10/7 as given in [16] and with
quadratic ansatz, τπ =
3η
2P and λ = 2.
Next, let us explore the possibility of a fractional value
of n for the hydrodynamic evolution equation (13). The
motivation comes from the work [12] where in the con-
text of radiative energy loss it has been shown that the
momentum dependence of τR in defining the viscous cor-
rection to the phase-space distribution lies somewhere in
between the two extreme limits of linear and quadratic
ansatz assuming fractional powers as well. As mentioned
earlier, in order to have second order viscous evolution
equation, Eq. (11) has been substituted in (12). A closer
inspection will reveal that the first two terms of (11) do
not contribute in the corresponding moment integrals by
the virtue of inner product property of irreducible ten-
sors (inner product of two irreducible tensors with dif-
ferent ranks must be 0). The remaining four terms gives
finite contribution to moment integrals in order to pro-
duce Eq.(13). The power over the scaled energy τp in all
these four terms is (2n − α), α being an integer. Ther-
modynamic moment integral is defined for a nth rank
tensor [17]. So, at most the acceptable fractional value
for n can be a half integer such that the total momen-
tum power under the integral is an integer. So, taking
n = 1/2 between limiting value of linear and quadratic
ansatz, we have τπ = 2.3τ
0
R =
1.31η
P
and λ = 127 .
This so far straightforward formalism faces serious con-
sequences while trying to pursue the Landau matching
condition, uµuν∆T
µν = 0, such that uµuνT
µν = ǫ. This
requires the integral
∫
dΓpτ
2
p f
(0)φ(r) to be zero for ev-
ery order r. From Eq.(8) it is evident that the first order
correction to distribution function always satisfies match-
ing condition irrespective of the value of n (inner product
property of irreducible tensors). However, it is the second
order correction (11) which behaves differently. Defining
Λ = uµuν∆T
µν , and replacing (11) in the expression of
∆T µν = g
∫
dΓpp
µpνδf , we find that,
Λ =
τπ
2η
[
(n+ 1)− ((n+ 4)!)
2
4!(2n+ 4)!
]
π(1)µνπ(1)µν . (15)
It can be readily observed that n = 0 is the only case
where Λ = 0 as also observed in [18]. For momentum
dependent τR (n 6= 0), Λ clearly retains a non-zero value,
which increases with increasing power of n. Before pro-
ceeding further to analyze the situation, we need to go
through the origin and implications of the matching con-
dition. The matching or fitting conditions are actually
constraints imposed on the dissipative part of energy-
momentum tensor T µν and particle current Nµ, in order
to uniquely determine them from second law of thermo-
dynamics. Violating matching conditions can result in
thermodynamic instability (explained later) as well as
altering thermodynamic equations like (6) and (7). In
rescue to this situation, a recently developed formulation
of dissipative hydrodynamics by extending the matching
conditions [19, 20] come in useful.
As nicely explained in the Appendix of [21], if the
entropy 4-current Sµ has a term proportional to Πuµ
as non-equilibrium contribution (Π being bulk viscous
pressure), the non-vanishing derivative ∂(uµS
µ)/∂Π |Π=0
makes the system thermodynamically unstable. It means
the system is not in a maximum-entropy configuration al-
though equilibrium state has been used. However, as ar-
gued in [19], a natural extension of equilibrium entropy
current towards its off-equilibrium expression, may in-
deed contain such a term. Moreover, [21] discusses, if
the out of equilibrium distribution function is taken as
a combination of dissipative fluxes (ansatz for moment
method), it is again natural that such a term to ap-
pear in Sµ. Ref [19] treats the situation by nullifying
this undesirable contribution with the extended match-
ing condition uµuν∆T
µν = Λ, retaining thermodynami-
cal stability. In [19] the conformal contribution of Λ turns
out to be proportional to πµνπµν with a proportionality
constant τπ/2η, which is quite similar (apart from some
numerical factors) to what has been obtained in Eq.(15).
Still two points are needed to be made here. Extended
matching conditions turns the energy momentum tensor
to take the following expression,
T µν =
{
ǫuµuν − P∆µν}+ {Λuµuν + πµν} , (16)
the first part being equilibrium and the later purely vis-
cous correction. It alters the energy density of the system
by an additive factor of Λ with respect to its equilibrium
value. However, Λ is a second order correction and for a
near equilibrium situation must have small contribution.
It can be explained as a reflection of non-uniformity in
the microscopic relaxation rate depending upon the par-
ticle momenta. Greater the dependence of equilibrium
restoration on particle momenta, larger the distortion in
phase space distribution which finally results in generat-
ing macroscopic fields involving velocity gradients. How-
ever, entropy being treated as a more fundamental quan-
tity it retains the same expression as without considering
this extended matching condition. Secondly, being a sec-
ond order correction only, Λ can not alter thermodynamic
equations (6) and (7) within second order dissipative the-
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FIG. 1: Time evolution of pressure anisotropy with
different powers of momenta in τR at different η/s ratio.
ory, since the consequent corrections from Λ will be at
least of third order (correction in energy density equa-
tion (6) is (DΛ + Λ∂ · u) and in velocity equation (7) is
ΛDuµ). However, for higher order theories the situation
can become non-trivial yet interesting.
To have a quantitative idea how different powers of
n over particle momenta in τR affect the physical ob-
servables, Eq.(13) has been solved for a boost invari-
ant Bjorken case for a massless Boltzmann gas with ul-
trarelativistic equation of state (ǫ = 3P ). In terms
of Milne coordinates (τ, x, y, η) with τ =
√
t2 − z2 and
η = tanh−1(z/t) and considering the only independent
component of πµν to be πηη = − π
τ2
, we have the two fol-
lowing equations for energy density and shear pressure
respectively,
dǫ
dτ
= − ǫ+ P
τ
+
π
τ
, (17)
dπ
dτ
= − π
τπ
+ βπ
4
3τ
− (4 + λ)
3
π
τ
. (18)
Eq.(17) and (18) have been solved with initial time and
temperature at τi = 0.4fm and Ti = 0.5GeV with ini-
tial viscous pressure πi = 0, for three values of momen-
tum power n in Eq.(2). Here, two limiting values of n
corresponding to linear (n = 0) and quadratic (n = 1)
ansatz and one in between fractional value (n = 1/2)
has been considered with different η/s values. The cor-
responding transport coefficients τπ and λ has been ob-
tained earlier for these three cases. Fig.(1) shows the
proper time evolution of pressure anisotropy defined as
PL/PT = (P − π)/(P + π/2) for these three values of n
and four sets of η/s ratio. The obtained results have been
compared with a numerical solution of the Boltzmann
equation based on parton cascade simulations (BAMPS)
[22], shown by solid circles. The dashed lines indicate the
results from linear ansatz (n = 0), the dot-dashed lines
indicate the same for quadratic ansatz (n = 1) while the
solid lines depict the n = 1/2 case. The n = 0 case as
shown in [16] under predicts the BAMPS data which be-
comes prominent for large values of viscosity. n = 1 case
clearly over predicts the data a good deal showing even
larger deviation from BAMPS for high η/s. However,
the n = 1/2 situation remarkably agrees with BAMPS
results even with large viscosity like η/s = 3.0 through-
out the evolution range. For small viscosity like η/s = 0.2
linear ansatz suffices to describe the dissipation, but with
increasing viscous correction it is the fractional power of
momentum dependence n = 1/2 which provides a faithful
representation of BAMPS data within the scope of second
order dissipative hydrodynamic theory. This reasonable
agreement of numerical data with fractional power of mo-
mentum dependence is very illuminating in the context
of Ref [12] which argued that most of interaction theo-
ries relevant for QGP lie between the two extreme limits
of linear and quadratic ansatz and QCD kinetic theory
predicts a momentum dependence within this range.
Last part of the present work deals with attempting
to establish an equivalence between this iterative tech-
nique involving gradient expansion of particle distribu-
tion and the well known moment method. Following the
formalism presented in [23], the out of equilibrium part
of the distribution function is expanded in particle mo-
mentum basis which in the absence of bulk viscosity and
conserved charges becomes φ = −CµνΠ〈µΠν〉. The un-
known coefficient Cµν can be extracted by replacing φ in
the expression of shear stress πµν = g
∫
dΓpp
〈µpν〉f (0)φ
(note that this is the full expression for πµν unlike order
by order expansion given by (9) and (12)), which gives
the total deviation φ = 18P πµνΠ
〈µΠν〉. Next, we take the
moment of relativistic transport equation (1) by multi-
plying it with gτrpΠ
〈αΠβ〉 and integrating over dΓp (r is a
power over the scaled energy which must be an integer).
Now one thing is to note here. For r = −1, we get the
following equation,∫
dΓpp
〈αpβ〉 ˙δf = −
∫
dΓpp
〈αpβ〉 ˙f (0)
−
∫
dΓpp
〈αpβ〉
p · ∇f
(p · u) +
∫
dΓpp
〈αpβ〉
1
p · uC[f ] .(19)
This is same as Eq.(14) and (15) combined of [13] which
boils down to the fact that r = −1 case represents the
DNMR theory, where r = 0 gives the usual Grad’s 14-
moment theory [21].
Performing the moment integrals (details in [23]), we
obtain hydrodynamic evolution equation of shear viscous
stress tensor in moment method as the following,
πµν
τπ
= 2βπσ
µν
−
[
Dπµν − 2π〈µρ ων〉ρ + λπ〈µρ σν〉ρ +
4
3
πµν(∂ · u)
]
,(20)
τπ =
η/s
T
(r + 6) , λ =
2
7
(2r + 7) , βπ =
η
τπ
.(21)
Eq.(20) is structurally exactly the same as (13) obtained
5from CE method. The corresponding transport coef-
ficients (14) and (21) are observed to have identical
expressions for two sets of choices of n and r values,
n = 0, r = −1 and n = 1, r = 0. Evidently, this is the rea-
son why linear ansatz of iterative gradient expansion [16]
has identical results with DNMR theory [13] and the re-
sults from quadratic ansatz of CE in Fig.(1) coincide with
the ultrarelativistic Grad’s 14-moment results [23]. This
equivalence is quite reassuring in acknowledging the fact
that starting from the same microscopic theory (relativis-
tic Boltzmann transport equation in this case) different
methods of obtaining hydro equations finally converge
with each other. Any other correspondence between the
two approaches (set of n and r values giving same result
other than the mentioned) is not known to the author.
To summarize, a second order relativistic hydro-
dynamic theory has been developed with momentum
dependent relaxation time approach using Chapman-
Enskog formalism of gradient expansion. The hydro-
dynamic evolution equation along with the transport
coefficients have been estimated for two commonly used
limiting cases - namely linear and quadratic ansatz as
well as for a fractional power of momentum dependence.
The pressure anisotropy for the fractional power of
momentum dependence shows an impressive agreement
with the numerical solution of Boltzmann equation
indicating the system dynamics to lie somewhere in
the middle of the two limiting ansatz. The anomaly in
Landau matching condition has been rescued with the
help of an extended matching condition recently pro-
posed. Finally, a correspondence between the iterative
technique of gradient expansion method and moment
method has been established.
The author thanks Subrata Pal for critical reading
of the manuscript and helpful comments.
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